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ABSTRACT

We study how to maximize the broker’s (expected) profit in a two-
sided market, where he buys items from a set of sellers and resells
them to a set of buyers. Each seller has a single item to sell and
holds a private value on her item, and each buyer has a valuation
function over the bundles of the sellers’ items. We consider the
Bayesian setting where the agents’ values are independently drawn
from prior distributions, and aim at designing dominant-strategy
incentive-compatible (DSIC) mechanisms that are approximately
optimal.

Production-cost markets, where each item has a publicly-known
cost to be produced, provide a platform for us to study two-sided
markets. Briefly, we show how to covert a mechanism for production-
cost markets into a mechanism for the broker, whenever the former
satisfies cost-monotonicity. This reduction holds even when buyers
have general combinatorial valuation functions. When the buyers’
valuations are additive, we generalize an existing mechanism to
production-cost markets in an approximation-preserving way. We
then show that the resulting mechanism is cost-monotone and thus
can be converted into an 8-approximation mechanism for two-sided
markets.
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1 INTRODUCTION

Two-sided markets are widely studied market structures in eco-
nomics [17, 18, 20], where a number of buyers and a number of
sellers are connected by an intermediary, such as antique markets,
used-car markets, and pre-owned house markets. Here each seller
has a single item to trade for money and holds a private value for
her owned item, while each buyer’s private information is a general
combinatorial valuation function over the bundles of the sellers’
items. A common feature in these situations is that the intermediary
keeps the difference between the payments made by the buyers
and the payments made to the sellers —that is, the intermediary’s
profit. We call such an intermediary a broker. The objective of the
broker is to acquire the items from the sellers and resell them to the
buyers to maximize her profit. The problem studied in our paper is
to design the mechanism in the two-sided market that maximize
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the broker’s profit. For convenience, we refer to the sub-market
between the sellers and the broker the seller-side market and to
the sub-market between the broker and the buyers the buyer-side
market.

If the broker had all the items, then we would only have the
buyer-side market, which is an auction where the broker tries to
maximize his revenue. Auctions have been well studied in the liter-
ature following the seminal work of Myerson [19]. In the Section
1.2, we will briefly recall the most relevant literature on auctions. If
the broker would keep the items, then we only have the seller-side
market, which is a procurement game. Budget feasible procurement
has been studied by many in the Algorithmic Game Theory litera-
ture [6, 8, 12, 24]. The broker wants to maximize his value for the
items he buys, subject to a budget constraint.

Although auctions and procurements are closely related to the
broker’s problem, they cannot be dealt with separately in two-
sided markets. Indeed, the difficulty of the broker’s problem is to
simultaneously and truthfully elicit both the sellers’ and the buyers’
valuations, so as to generate a good profit.

1.1 Main Results and Techniques

In this paper we assume the values of the sellers and buyers are
independently distributed, and we study simple dominant-strategy
incentive compatible (DSIC) mechanisms. To approximately max-
imize the (expected) profit of the broker, we first develop a re-
duction, through which we can directly convert mechanisms for
production-cost markets into mechanisms for two-sided markets.
In a production-cost market, the broker is able to produce all the
items, each item has a cost to be produced and the costs are publicly
known. Roughly speaking, we say a mechanism for production-
cost markets is cost-monotone if, when the cost of an item increases,
the likelihood that it is sold does not increase. We show that any
cost-monotone mechanism for production-cost markets can be con-
verted into a mechanism for two-sided markets via a blackbox
approach. This reduction holds for general combinatorial valuation
functions of buyers.

Theorem 3.4 (Informal). Any cost-monotone DSIC mechanism that
is an a-approximation for production-cost markets, can be converted
into a DSIC mechanism that is an a-approximation for two-sided
markets.

Next, we use cost-monotonicity as a guideline in constructing
concrete mechanisms for two-sided markets. When the buyers have
additive valuations, we generalize the duality framework of [5] and
the mechanism there to design a cost-monotone mechanism for
production-cost markets. Following our reduction, we immediately
obtain a mechanism for two-sided markets.
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Theorem 4.4 (Informal). When the buyers have additive valuations,
there exists a DSIC mechanism for two-sided markets which is an
8-approximation to the optimal profit.

1.2 Related Work

Bayesian auctions have been extensively studied since the semi-
nal work of [19]. For single-parameter settings, Myerson’s mecha-
nism is optimal. The problem becomes more complicated in multi-
parameter settings [14]. Although the optimal Bayesian incentive-
compatible (BIC) mechanisms have been characterized [3, 4], they
are too complex to be practical. Also, optimal DSIC mechanisms
remain unknown. Thus simple DSIC mechanisms that are approxi-
mately optimal have been studied, such as [5, 16, 25]

Two-sided markets are also called double auctions [17], bilateral
trading [20] or market intermediation [15] in the literature. Maxi-
mizing the broker’s profit is an important objective for two-sided
market. The seminal paper [20] characterized the optimal mech-
anism for one seller and one buyer, which is further generalized
by [11] to multiple single-parameter sellers and buyers. Unlike our
work, [11] studies the Bayesian Incentive Compatible (BIC) mecha-
nisms. DSIC mechanisms are also studied in the literature, but only
for some special cases: [15] studies the case of a single buyer and
multiple sellers, [1] studies the case of a single seller and multiple
buyers, and [13] studies the optimal mechanism when the num-
bers of sellers and buyers are both constants. Although [7] studies
two-sided markets with multiple buyers and multiple sellers, the
dealer there has a fixed budget and their mechanism guarantees
that the payment to sellers is within the budget. Before our work,
it remained unknown how to design a (simple) DSIC mechanism
that approximates the optimal profit in multi-parameter settings
with general number of sellers and buyers.

Finally, we briefly discuss the efficiency of two-sided markets,
which is measured by gain-from-trade (GFT), i.e., the total value
gained by the buyers minus the value contributed by the sellers.
[17] gave the first approximation mechanism for the one seller
and one buyer case, and [2] gives approximation mechanisms for
multiple buyers with unit demand valuations. Recently, [22] and
[23] study the asymptotically efficient mechanisms instead of con-
stant approximations. For maximizing social welfare, [9, 10] provide
constant-approximation mechanisms.

2 PRELIMINARIES

A two-sided market includes a set M of m sellers, and a set N of n
buyers. We consider the setting where each seller j has one item j
to sell, so we may refer to items and sellers interchangeably. The
total payment made by the buyers is the broker’s revenue, and his
profit is the revenue minus the total payment to the sellers.

Each buyer i has valuation UiB :2M 5 R* U {0} with v? 0) =
0. The function le is monotone: forany T € § C M, v?(T) <
UIB (S). In our reduction between production-cost and two-sided
markets, we consider combinatorial valuations and do not impose
any restriction on v?.
lB is independently drawn from a distribution
DIB over the set of all possible valuation functions, with density
function fiB and cumulative probability FIB. Let DB = x;¢ ND?,

Each function v
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fB = ><,~€NfiB and FB = XieNF,-B- Each seller j’s value on her item,
v]ﬁg € R* U {0}, is independently drawn from a distribution DJS,
with density function f] S and cumulative probability Fjs. Let DS =
XJGMD;?, fs = ijijS and FS = xjeMFJS. Let the supports of
distributions D? and D}S be TiB and TJ:9 , respectively. Tl.B and T]tS are
called the valuation spaces of buyer i and seller j. Let TB = XieNTiB
and TS = XjeMTjS. Finally, denote by 7 = (N, M, DB,DS) a two-
sided market instance.

A mechanism M for two-sided markets is a tuple of four func-
tions represented by (xB, x5, pB, pS). Given a valuation profile

(0", 0%),

o xB(08,05) & (xgB (vB,05));en is the allocation of the buy-
ers, where xlB (0B, v%) = (xﬁ‘ (©B,05)) acar with x?A (0B, v%) e
[0, 1], representing the probability that buyer i gets the
item set A, under valuation profile 0B and 5. Moreover,
A x&(vB,vs) =1
x5 (B, 05) = (xjs (B, vs))jeM is the allocation of the sellers

with x]“.g (©8,9%) € [0,1], representing the probability that
seller j’s item is sold under (05, v%).

pB (0B,0%) = (pf3 (©B,05))ien is the payment made by the
buyers, where plB (0B, %) e R* U {0).

5B, %) = (pJS (0B, US))j eM is the payment made to the

sellers, where ij (vB,v%) e R* U {0).

A feasible mechanism M is such that

B/, B S S B S
ZinA(U ,U )ij(v ,07)

AsjieN

for any item j € M and any valuation profile (v®, v°). In principle,
the above condition may allow a mechanism to sell an item that
it didn’t buy or to buy an item without selling it. However, these
cases never happen in the mechanisms in this paper.! The expected
profit PFT(M; I') of mechanism M for instance 7 is

PN G N R A CL

E
S$..1S..,B_DB
v>~D*05~D® iy jeM

The utilities of the agents are quasi-linear. That is, for each
. . B
buyer i, for any valuation subprofile v7; of the buyers and any
valuation profile v° of the sellers, when i reports his true valuation
function v?, his utility under mechanism M is

B, B B S B/, B S\ B B, B _S
uy (v s M, v2;,07) = Z x4 (07,0707 (A) = pi (v, 07).
ACM

For each seller j, for any valuation subprofile vf | and vB, when j

reports her true value vjs , her utility is
S S. a1 .,B ., Sy_,S.B_Sy__S. S B S
uj (073 M, 07, 02)) = p7 (v7,07) — 07X} (07, 07).
! Note that our feasibility constraint only requires “feasible in expectation” which is

weaker than ex post feasibility. All of our results still hold if we change the requirement
to be ex post feasible.
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Mechanism M is dominant strategy incentive-compatible (DSIC)
if: (1) for any buyer i, vfg., v, and v v'B

B(v M, 0B, US

N R T T
ACM
and (2) for any seller j, v8 2 , 0B andv v]s
]( Mv_J, B)>p (B, VS, S])—vjx](v VS, fj).

Mechanism /\/I is mdwzdually rational (IR) if: (1) for any buyer
i, vB vB and v° ( : M, 08, 0%) > 0; and (2) for any seller j,
z)}svjande 5(0 Mv B)20.

Mechanism M is Bayeszan mcentive-compatible (BIC) if (1) for
any buyer i and valuation functions vB, v

u?(v?;M) £

i

E vB~DB, 0S~DS Uj (vl M, v_l,vs)

ACH 5o (4)

/B B
z E’U_BiNDfi;US”DS ZAQ]M xiA

i ,’U_l,’U

_p?( :B’UBl’ ’US)]

and (2) for any seller j and values U]S, v]'.s,

THCHVE E

uS(US;M,vB,
'UB~DB;'US.~D5. J

S
) >
v_]) >

1S S)_ (

P (0505, oS08

vB ~DB;vfj~Df

Mechanism M is Bayesian individually rational (BIR) if (1) for
B . B

any buyer i and valuat10n function v7, u; (v{3 ; M) > 0; and (2) for
any seller j and value v uS (v M) > 0.

Finally, we denote by OPT(I ) the (expected) profit generated by
the optimal DSIC mechanism for instance 7.

A special case of two-sided markets is production-cost markets,
where the broker can produce the items by himself and each item j €
M has a publicly known production cost ¢; € R*U{0}. Therefore we
do not need to consider the sellers’ incentives. Letting c £ ( i) jeM:
we use 7¢ = (N, M, DB, c) to denote a production-cost market
instance and M® = (xB, pP) a production-cost market mechanism,
where the input of xB and p® is the buyers’ valuation profile. Then
the broker’s profit is the revenue minus the total production cost

PFT(M¢€; 7€), which is

B/ B
Z)BIE:DB Z pi (’U

ieN

) — Z ng‘(vB)cj .

ACM jeA

Auctions are production-cost markets with cost 0. We use 7¢ =
(N, M, DB) to denote an auction instance and M? = (x, pB ) an
mechanism. The expected revenue is

PFT(M%1%) =Eys_ps » pP(©P).
ieN
When there is no ambiguity, the superscript B is omitted in auctions
and production-cost markets.
In Section 4, we will consider additive valuations for the buy-
ers. In this case, for any buyer i, there exists a valuation vec-
tor (U )JeM such that v = oB({j}) is i’s value on each item j.
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Then, ’U is additive 1fv (A) =

plify the notation, in this case we use le to denote the vector

2jeA vg for any A € M. To sim-

(UB. )jem instead of the corresponding function. Each vg. is inde-
pendently drawn from a distribution DBJ and DB = Xje MD?}.,
Finally, when buyers have additive valuations, thelr allocation is
simplified as xB (05, o) & (xlB (v8,v%));en, where sz (0B, 0% =
(xg. (0B, vs))jeM with xg. (©B,v%) € [0,1], representing the proba-
bility that buyer i gets the item j, when the valuations are v® and
S
.

3 A REDUCTION FROM TWO-SIDED
MARKETS TO PRODUCTION-COST
MARKETS

Note that the sellers are single-parameter in the two-sided markets
under consideration. Thus, each seller is truthful in a mechanism
if and only if the selling probability of her item is non-increasing
with respect to her value and the payment to her is the threshold
payment, i.e., the highest value such that her item can still be sold.
More precisely, for any single-value distribution D with density
function f and cumulative probability F, if D is a seller’s value

distribution, then the virtual value function is ¢° (v) = v + ;gz; In

addition, if D is not regular then ¢ is the ironed virtual value. Fol-
lowing [20], for single-parameter sellers and any DSIC mechanism
M= (xs ,xB, pS R pB ), the total payment to the sellers is the virtual

social welfare of them, i.e.,

B PG

JEM

)= B D 4D %)

jeI

1)

for any valuation profile v® of the buyers.

We now show how to convert a mechanism for production-cost
markets into a two-sided market’s mechanism. The main idea is to
use the sellers’ virtual values in two-sided markets as costs, and
run the mechanism for production-cost markets.

Definition 3.1. A mechanism M€ = (x,p) for production-cost
markets is cost-monotoneif for any two instances 7 ¢ = (N, M, D, ¢)
and 7' = (N, M, D¢, ¢’), where c and ¢’ differ only at an item j and

¢j < c for any buyers’ valuation profile v¢ Dc the probabilities

ZIGN ZAB] xiA(v% 1)
/

of 1tem j belng sold under the two instances, x; =

and xj L SN Y asjxia(v% 7€), satisfy x;j >

Reduction. Let 7 = (N, M, DS,DB) be a two-sided market
instance. For any valuation profile v of the sellers, denote by

%) & (¢JS (vjs)) jem the sellers’ virtual-value vector, and let
I(;S(US) = (N,M, DB, $5(v%)) be a production-cost market in-
stance.

We first show that the optimal profit of the two-sided market is
no more than the optimal profit generated by the corresponding
production-cost markets in expectation.

LEMMA 3.2. For any two-sided market instance I = (N, M, DB, DS),

OPT(I) < Bys psOPT(LS ).

PROOF It suffices to show that for any DSIC mechanism M =
(x5, xB pB) for two-sided markets, there exists a DSIC mech-
anism Mc for production-cost markets such that PFT(M; 1) <
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EUSNDsPFT(MC;I(;S(vS)).Indeed, this would imply PFT(M; T) <
E,s.ps OPT(I(; ) for any M, and thus

S(©9)

OPT(I) < Bys.psOPT(I s ,s))-

Given M and 7, we define mechanism M€ = (x€, p€) as follows.
For any instance qus (0S)’ M€ first computes v5, the (randomized)
pre-image of ¢° (v°) with respect to DS, In particular, if for some
seller j, the (ironed) virtual value ¢]S (vjs) corresponds to a value

interval in the support of D}q, then v]‘s is randomly sampled from

D}.g conditional on it belongs to this interval.
For any reported valuation profile vB and buyer i € N,

B B, B _S
x;4(07) = x4 (v, 07)

forany A € M, and

P @P) = pP @B, 05).

B
i 3
buyer i has the same utility in M€ and M by reporting the same vlfB .
Thus M€ is DSIC whenever M is DSIC. Next, we lower-bound the

profit of M€ for each instance qus(vs).

It is easy to see that, given any v° and v® ;» for any true valuation v

PFT(ME IS5 s)

:zﬁmZ@W%ZHMﬂZ#@ﬁ

ieN ACM jeA
B. B S
= E E D (07, 07)
B~DB uS~DS |$5(05) (i;\lpl
—ZZZ&MﬁW@)
jeM ieN Asj
B, B S
> E ; (07, 07)
oB~DB 05~D5|¢S(US)<;VP’
—Zﬁ@@@ﬁﬂ
JjeEM

The inequality above is because any feasible mechanism should
satisfy }ien 2 Asj xi(vB,vs) < xjs(vB,vs) for any j € M and

any valuation profiles v®, v, Thus,

c. jc
Z)SINEDSPFT(M ,I¢s(vs))
— c, c
- ¢S(US)I~E¢S(D5)PFT(M ’I¢S('US))
B, B _S S\..S/,.B S
> E E J(v”,v7) — i(0)x (v, v
BB (i;vm ) ];;quj( ) ( ))
B, B _S S B _S
= E S(v-,v7) — (07, v
ﬁmww4§g< )éﬂ( g

= PFT(M,T),
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as desired. Here ¢5 (DY) is the distribution of virtual values induced
by D5, and the second equality is by Equation 1. O

In the following, we show that if a mechanism for production-
cost markets is cost-monotone, then it can be converted into a
mechanism for two-sided markets.

LEMMA 3.3. Given any DSIC cost-monotone mechanism M€ for
production-cost markets, there exists a DSIC mechanism M for two-
sided markets such that

PFT(M:T) = Eys_psPFT(M I 5.

Proor. Given mechanism M€ = (x€, p¢), the mechanism M =
(xs,xB s ps, pB ) is defined as follows: M first collects B and ©°
reported by the buyers and the sellers, and then run M€ on the
production-cost instance qus(vs) = (N, M, DB, ¢35 (%)) to obtain

x¢(vB) and p®(vB). Then for each buyer i, let
xB (0P, 0%) = %8, (o)
for any A € M and
PP @P.0%) = pf (@P).
For each seller j, let

ij(UB,vS) = Z ZX,-CA(US,UB)

ieN Asj

and let sz (vB,v5) be the threshold payment for j: namely, the
highest reported value of seller j such that the probability that
item j is bought by the broker is ij (0B, v%).

We claim that M is DSIC. First, the buyers will truthfully report
their valuations because M€ is DSIC and each buyer has the same
allocation and payment in M and M¢€. For the sellers, since M€
is cost-monotone and each (ironed) virtual value function qﬁf is

non-decreasing in v?, the allocation x? is non-increasing in v3. As

the payments to the sellers are the threshold payments, the sellers
are truthful as well.
Next we show that

PFT(M, I)
= spis.ps (l_;p? (0B, 05) - ]%;I P55, Us))
= spSs.ps (;\IPIB(UB,US) —j;jxf(vB’ys)d,j(vf))
B UBI~EDB ¢S(US)I~E'¢S(D5)(;VP5(UB)
—ZZZ%Wwﬂ)
jEM ieN A3j

= E E > (pf@P)

$5 (v5)~¢S(DS) vB~DB /3

—Zmewﬁ)

ACM jeA

— c, c
- B, PFT(ME IS5 s)-
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Thus Lemma 3.3 holds. O

Combining Lemmas 3.2 and 3.3, we get our first main result.

THEOREM 3.4. Given any DSIC mechanism M€ for production-
cost markets, if M€ is cost-monotone and is an a-approximation to the
optimal profit, then there exists a DSIC mechanism M for two-sided
markets that is an a-approximation to the optimal profit.

Proor. Mechanism M is defined as in Lemma 3.3. For any two-
sided market instance 7,

PFT(M;T)

c. 7c
US]?DS PFTM ’I¢5(vs))
1

= B OPT(If s 2

ad yS~DS

\%

1
a
where the equality is by Lemma 3.3 and the last inequality is by
Lemma 3.2. o

4 A MECHANISM FOR TWO-SIDED
MARKETS WITH ADDITIVE VALUATIONS

4.1 Broker’s Profit in Production-Cost Markets

We first design a mechanism My, for production-cost markets
which is an 8-approximation of the optimal profit. Our mechanism
is inspired by the mechanism in [25] and the duality framework
in [5] for auctions. In particular, with probability %, M4 runs the
mechanism of [20] for two-sided markets for each item separately,
denoted by Myr. The mechanism of [20] is for a single buyer and a
single seller, but can be generalized to multiple buyers and a single
seller as shown in [11]. Furthermore, M4 generalizes the bundling
VCG mechanism of [25] to production-cost markets (denoted by
Mpycg) and runs it with probability %.

Essentially, Mechanism M runs a second-price auction on the
buyers’ virtual values, with a reserve price which is the production
cost of the item. As shown in [11, 20], this mechanism is optimal
for the broker’s profit when the buyers have single-parameter val-
uations. Mechanism Mpy g is well studied in auctions [5, 25],
and we describe it in Mechanism 1 for production-cost markets
I¢=(N,M,D,c).Essentially, it is a VCG mechanism with per-item
reserve prices and per-agent entry fees.

Mechanism 1 Mpy g for Production-Cost Markets

1: Collect the valuation profile v from the buyers.

2: For any buyer i and item j, let P;j(v_;) £ max;y; vyj and
Bij(v=i) = max{P;j(v_;),cj}.

3: For any buyer i, set the reserve price for item j to be f8;;(v-;). Set
the entry fee e;(v_;) to be the median of the random variable
Yjem(tij — Bij(v-i))*, where t; = (tij)jepr ~ Di and x* £
max{x, 0} for any x € R.

4: Each buyer i is considered to accept his entry fee if and only if
Yjemij = Bij(v-i))" = ei(v-;).

5. If a buyer i accepts his entry fee, then he gets the set of
items j with v;; > p;j(v-;), and his price is e;(v-;) +
iy =i (v_s) Bij (v—j). If i does not accept his entry fee, then
he gets no item and pays 0.
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It is not hard to see that both M;r and Mpgy g are DSIC and
IR. Indeed, the mechanism of [20] is DSIC and IR, Myt directly
applies it to each item, and the buyers have additive valuations
across the items. Moreover, My ¢ is DSIC and IR with respect to
any reserve prices f3;; that do not depend on v;;, and Mechanism 1
simply incorporates the production costs into reserve prices.

In Theorem 4.1 use M4 to upper-bound the optimal profit for
any production-cost instance 7¢ = (N, M, D, c¢), with proof pro-
vided in the appendix. In fact, this proof is similar to the proof
in [5] with modifications to incorporate the production costs into
consideration. Note that [2] also adapts the framework of [5] to the
2-sided market. But their goal is to maximize the gain from trade
and the buyers have unit-demand valuations.

THEOREM 4.1. When the buyers have additive valuations, Mecha-
nism M 4 is DSIC and is an 8-approximation to the optimal profit for
production-cost markets.

4.2 Converting M, to Two-sided Markets

Next we prove the cost-monotonicity for Mechanism M 4. But first,
we start with Mechanism M.

LEMMA 4.2. Myt is cost-monotone.

Proor. For any two production-cost instances 7 ¢ = (N, M, D, c¢)
and 7’¢ = (N, M, D, ¢’), where there exists an item j € M such that
cJ’. > ¢j and cj'., = cj for any j’ # j, we show that in Mechanism
M T, when buyers’ valuation profile is v ~ D, if item j is not sold
in 7€, then item j is not sold in 7 ’¢. Since all buyers’ valuation func-
tions are additive and Mt sells each item individually, the result
of selling one item does not effect any other item. In the mechanism
of [20], given the reported valuation profile v, the potential winner
of item j is the buyer who has highest virtual value on it, denoted
by ij = arg max;en vjj. If his virtual value ¢;;j(v;,;) is at least the
cost of item j, buyer i takes item j. Otherwise, item j is kept unsold.
Therefore, if item j is not sold in 1'%, then ¢;,j(v;;;) — ¢j < 0 which
implies ¢;;j(vi;j) — cj’. < 0 and item j cannot be sold in 7’¢. Thus
M satisfies cost-monotonicity. ]

Next we show Mpy g is cost-monotone. Since we need to apply
Mpvcg to different instances with different cost vectors ¢ and ¢’,
we explicitly write f;;(v-;,cj) and e;j(v—;,c) in Steps 2 and 3 of
Mechanism 1.

LEMMA 4.3. Mpycg is cost-monotone.

Proor. Similarly, for any two production-cost instances 7€ =
(N,M,D,c) and I’¢ = (N, M, D, c’), where there exists an item
j € M such that CJ’. > ¢j and C]/" = cjr for any j* # j, we show that
in Mechanism Mgy cg, when buyers’ valuation profile is v ~ D, if
item j is sold in 7', then item j is also sold in 7€.

In Mechanism Mpy cg, given the valuation profile v, the poten-
tial winner of item j is the buyer who has highest value on item j,
denoted by i; = arg max;en v;j. When the cost vector is c, item j
is sold to i; if and only if i; accepts the entry fee e;;(v—;, c) and
vj; = Pi;j(v-i;, ¢j) > 0. Otherwise item j is unsold. Note that given
different production cost ¢’, the potential winner of item j remains
unchanged.



AAMAS’19, May 2019, Montreal, Canada

Note that the entry fee e; (v—;, ) is selected such that the proba-
bility that buyer i accepts it is exactly % Letd; £ Bi;j(v-i;, cJ'.) -
Bi;j(v-i;,cj) be the increase of the item reserve in Mpycg for
buyer i;. Then

(Vigj = Biyj(v-iys ) +dj 2 (vigj = Bijj(o-i,¢))". (2)
Indeed the equality holds in Inequality 2 if v;;j — Bi;j(v-i;, c]'.) > 0.
Let elfj £ ei; (v_ij, ¢) — dj. When the cost vector is c, buyer i;’s
utility is
uj; = Z ik = Bijk (0-ijs cx)) " = ei; (v-ij ).
keM
When the cost is ¢/, if the entry fee is elfj, buyer i;’s utility is

/ 7y . r\W\t 7
W (e]) = D @ik = Bik(o-ijscp)) " — e,

J

keM
= Z(Uijk - ﬁijk(v_ij,ck))+ + (vijj — ,Bijj(v—ij,cj'»))*' _ el{j
k%)
+ +
= Z(vijk — ﬁijk(v_ij,ck)) + (’Uijj - ﬁijj(v—ij,cj{))
k#j
— i (U_ij, C) + dj
> > @ik = Bigk 0-ips i) + iy = By (0-iye )
k7
—ei; (v-i;, €)
= u;,.

J

The inequality above is by Inequality 2. Moreover, if v;  j—f;, j (v-;, c]’.) >

0, then
’ 7’
uij(eij) = uj;. 3)
That is for any valuation profile v;;, buyer i;’s utility under the
entry fee elfj and the cost vector ¢’ is at least his utility under the
entry fee e;; (v-;;, ¢) and the cost vector c. Therefore,
1
R Nr>e’1> =
tl_{’%i.[z (b1, = Biyj(-i))* 2 e ] 2 o
J J jeM
Since the real entry fee e;; (v-i;, ¢’) is selected to be the median of
the random variable ZjeM(tijj—ﬂijj(v_ij))+, we havee;, (v-j;,¢’) >
el .
ij
Now if under cost vector ¢’, item j is sold, then
vi;j = Bijj(v=ij. cj) 2 0,
and
D7 @ik = ik (v-ij ) = iy (v-ij ) 2 0.
keM
Thus under cost vector ¢, we have

vi;j = Bijj(v-ij. cj) 2 0,

and by Equation 3,
4
wy, = uj(e)= Y k= Fir-ip )’ -
keM
2 Z (vijk_)Bijk(v—l'j7c]/<))+_eij(v—ij’c/) > 0.

keM

Therefore, under cost vector c, item j is also sold. That is, Mgy cg

is cost-monotone. O
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By randomly selecting from Mjr and Mpycg, Mechanism
M4 is still cost-monotone. Therefore, by Theorem 3.4, M4 can be
converted into a mechanism for two-sided markets, which is again
an 8-approximation to the optimal profit. Formally, we have the
following theorem.

THEOREM 4.4. When the buyers have additive valuations, there
exists a DSIC mechanism that is an 8-approximation to the optimal
profit for two-sided markets.

5 CONCLUSION AND OPEN PROBLEMS.

In this paper we provide the first DSIC mechanism that is a constant-
approximation to the broker’s optimal profit in multi-parameter
settings with more than one buyer. We use production-cost markets
as a bridge between auctions and two-sided markets, and provide
a general reduction from production-cost markets to two-sided
markets. How to design DSIC mechanisms for the broker’s profit in
multi-buyer multi-parameter settings under other valuation func-
tions of the buyers (e.g. unit-demand or sub-additive) is still open,
and it would be interesting to understand the role of production-
cost markets in those scenarios.

REFERENCES

[1] Santiago R Balseiro, Vahab Mirrokni, Renato Paes Leme, and Song Zuo. 2019.
Dynamic double auctions: Towards first best. In Proceedings of the Thirtieth
Annual ACM-SIAM Symposium on Discrete Algorithms. SIAM, 157-172.

[2] Johannes Brustle, Yang Cai, Fa Wu, and Mingfei Zhao. 2017. Approximating

Gains from Trade in Two-sided Markets via Simple Mechanisms. In 18th ACM

Conference on Electronic Commerce (EC’17). 589-590.

Yang Cai, Constantinos Daskalakis, and S Matthew Weinberg. 2012. An algo-

rithmic characterization of multi-dimensional mechanisms. In 44th Annual ACM

Symposium on Theory of Computing (STOC’12). 459-478.

[4] Yang Cai, Constantinos Daskalakis, and S Matthew Weinberg. 2012. Optimal
multi-dimensional mechanism design: Reducing revenue to welfare maximization.
In 53rd Annual Symposium on Foundations of Computer Science (FOCS’12). 130~
139.

[5] Yang Cai, Nikhil R Devanur, and S Matthew Weinberg. 2016. A duality based
unified approach to Bayesian mechanism design. In 48th Annual ACM Symposium
on Theory of Computing (STOC’16). 926-939.

[6] Hau Chan and Jing Chen. 2014. Truthful multi-unit procurements with budgets.
In International Conference on Web and Internet Economics (WINE’14). 89-105.

[7] Hau Chan and Jing Chen. 2016. Budget Feasible Mechanisms for Dealers. In Pro-
ceedings of the 2016 International Conference on Autonomous Agents & Multiagent
Systems (AAMAS’16). 113-122.

[8] Ning Chen, Nick Gravin, and Pinyan Lu. 2011. On the approximability of budget
feasible mechanisms. In 22nd annual ACM-SIAM Symposium on Discrete Algo-
rithms (SODA’11). 685-699.

[9] Riccardo Colini-Baldeschi, Bart de Keijzer, Stefano Leonardi, and Stefano

Turchetta. 2016. Approximately efficient double auctions with strong budget

balance. In 27th Annual ACM-SIAM Symposium on Discrete Algorithms (SODA’16).

Society for Industrial and Applied Mathematics, 1424-1443.

Riccardo Colini-Baldeschi, Paul W Goldberg, Bart de Keijzer, Stefano Leonardi,

Tim Roughgarden, and Stefano Turchetta. 2017. Approximately efficient two-

sided combinatorial auctions. In 18th ACM Conference on Electronic Commerce

(EC’17). 591-608.

Xiaotie Deng, Paul Goldberg, Bo Tang, and Jinshan Zhang. 2014. Revenue maxi-

mization in a bayesian double auction market. Theoretical Computer Science 539

(2014), 1-12.

[12] Shahar Dobzinski, Christos H Papadimitriou, and Yaron Singer. 2011. Mecha-

nisms for complement-free procurement. In 12th ACM Conference on Electronic

Commerce (EC’11). 273-282.

Matthias Gerstgrasser, Paul W Goldberg, and Elias Koutsoupias. 2016. Revenue

maximization for market intermediation with correlated priors. In International

Symposium on Algorithmic Game Theory. Springer, 273-285.

Sergiu Hart and Noam Nisan. 2017. Approximate revenue maximization with

multiple items. Journal of Economic Theory 172 (2017), 313-347.

[15] Kamal Jain and Christopher A Wilkens. 2012. eBay’s Market Intermediation

Problem. arXiv preprint arXiv:1209.5348 (2012).

Robert Kleinberg and Seth Matthew Weinberg. 2012. Matroid prophet inequalities.

In 44th Annual ACM Symposium on Theory of Computing (STOC’12). 123-136.

&

[10

[11

=
&

[14

[16



Approximately Maximizing the Broker’s Profit in a Two-sided Market

[17] RPreston McAfee. 1992. A dominant strategy double auction. Journal of Economic

Theory 56, 2 (1992), 434-450.

R Preston McAfee. 2008. The gains from trade under fixed price mechanisms.

Applied Economics Research Bulletin 1, 1 (2008), 1-10.

Roger B Myerson. 1981. Optimal auction design. Mathematics of operations

research 6, 1 (1981), 58—73.

[20] Roger B Myerson and Mark A Satterthwaite. 1983. Efficient mechanisms for
bilateral trading. Journal of Economic Theory 29, 2 (1983), 265-281.

[21] Amir Ronen. 2001. On approximating optimal auctions. In 3rd ACM Conference

on Electronic Commerce (EC’01). 11-17.

Erel Segal-Halevi, Avinatan Hassidim, and Yonatan Aumann. 2018. Double

Auctions in Markets for Multiple Kinds of Goods.. In IJCAL 489-497.

Erel Segal-Halevi, Avinatan Hassidim, and Yonatan Aumann. 2018. MUDA: a

truthful multi-unit double-auction mechanism. In Thirty-Second AAAI Conference

on Artificial Intelligence.

Yaron Singer. 2010. Budget feasible mechanisms. In 51st Symposium on Founda-

tions of Computer Science (FOCS’10). 765-774.

Andrew Chi-Chih Yao. 2015. An n-to-1 bidder reduction for multi-item auctions

and its applications. In 26th Annual ACM-SIAM Symposium on Discrete Algorithms

(SODA’15). 92-109.

[18

[19

[22

~
&

[24

[25

A PROOF OF THEOREM 2

Similar to [5], we only need to consider the prior distribution D
with finite support.

Arbitrarily fix a BIC-BIR mechanism M = (x,p). We consider
M in its ex ante form. Specifically, for any buyer i with valuation
v; and for any item j, let (a) x;;(v;) S Eo_;~D_;Xij(vi,v-i) be the
probability that buyer i gets item j, over the randomness of the
mechanism and v_;; and (b) p;(v;) £ Eo_;~D_;pi(vi,v-;) be the
expected payment made by i. Then the broker’s profit is

lWWJ%?:ZDm@m%meQ
ieN v; eT;
where D;(v;) is the probability of v; according to distribution D;.
Consider the constraints for M. Let Tl.+ = T;U{L}, where “L”isa
special symbol not in the support T;. Moreover, x; (1) = (0,...,0)

and p;(L) £ 0. Because M is BIC and BIR, we have
- pi(vi) 2 x;(v]) - v; — pi(v]),
Yie N,v; € Tj,vf € T} ()

xi(v;) - v;

In particular, when v{ = 1, the above constraint restricts the mech-
anism to be BIR. Therefore, the problem of designing BIC-BIR mech-
anisms is to maximize PFT(M; I €) subject to Inequality 4.

To upper-bound PFT(M;I°€), we first introduce some nota-
tions. For any buyer i, item j and valuation sub-profile v_; €
T_;, let Pjj(v—i) = maxyx; vyrj and Bij(v—;) = max{P;;(v-;),c;},
as in Mechanism Mpycg. In Mechanism 2 we generalize the 1-
lookahead mechanism [21] to production-cost markets, denoted
by M 4. For any buyer i with valuation v; and for any item j, let
r,'j(v_i) = maXpZﬁij(U—i)(p - C]) . Pry~Dij ly = pl and ri(v-;) =
Yjem rij(v-i). Moreover, let rj = E,_,.p_;ri(v-;) and r = 3; r;.

Then the profit of My 4 is exactly r and will be at most PEFT(M; I €).

Next, let R(U") {vi € Tilvij < Bij(v-;) for all j} and Rj.v"') =
{v; € Tiljis the smallest index such that j € argmaxgep{vip —
Pik(v-i)} and v;j—PBij(v-;) > 0}. Moreover, let I[E] be the indicator
of an event E. Now we are ready to upper-bound PFT(M; I ¢). By
adopting the duality framework in [5] to production-cost markets,
we have the following.
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Mechanism 2 M| 4 for Production-Cost Markets

1: Collect the valuation profile v from the buyers.

2: for each item j do

3. Ifnobuyer has value for j higher than f;(v—;), keep j unsold.
4 Otherwise, let i be the highest bidder for j, and

pij(v—;) & argmax (p—cj)- Pr (y 2 p).
p2fij(v-4) y~Dyj
Sell the item j to buyer i with price p;j(v—;) if and only if
vij 2 pij(v-i).
5: end for

LEmMMA A.1. For any BIC-BIR mechanism M =
cost instance 1€ = (N, M, D, c),

(x, p) and production-

PFT(M;I°) < SINGLE + UNDER + OVER + TAIL + CORE,

where ¢;j(vij) is Myerson’s (ironed) virtual value and

SINGLE = Z Z ZDi(Ui)xij(Ui)(¢ij(Uij)—Cj)s
ieN v; eT; jeM
Pr [vl € R(L')]
UNDER = Z Z ZD v;)xij(vi)
ieN v;eT; jeM
DT Doi(t-i) (i - ¢) - Moy < Bij(e-0)]),
t_;eT_;
OVER = Z Z ZDi(vi)x,—j(v,—)
ieN v;€T; jeM
(D) Dot (Bij(t-i) — )
t_;eT-;
I[(vij > ﬂij(l‘—i)]),
TalL = Z Z Z D_i(t-;)
ieN jeMt_iel.;
Dij(vij)(vij — Bij(t-i)
v > Pij(t-i)+ri(t-;)
Pr  [3k # j,vix — Bir(t-i)
Vi,—j~Di -
> vjj — Bij(t-i)],
Core = Z Z Z D_;(t-;)
ieN jeMt_;jel_;
Dij(vij)

Bij(t-i) Svij <Pij(t-i)+ri(t-;)
“(vij = Bij(t-i))-

In the following, we use our mechanisms to bound the above
terms separately. For any production-cost instance 7 ¢ = (N, M, D, c),
we deﬁne its corresponding single-parameter COPIES instance

= (N, M, D, c). More precisely, for each buyer i € N, there are
m copies for i in set N, and the j-th copy of i (also denoted by

(i, 7)) is only interested in item j. Since in I ¢, buyers’ valuations
are additive, OPT (I €) = PFT(Myr; I°).
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In the following, we first use OPT(Z€) to bound SINGLE, UNDER
and OVER, which implies that these terms are upper-bounded by
PFT(Myr;I°).

LEMMA A.2. SINGLE < OPT(fC).

Proor. Note that if theAallocation rule of M is feasible for 7€,
then it is also feasible for 7 €. Thus,

SINGLE < Z Z Z D (vi)xij(vi)(¢ij(vij) — cj)
ieN v;eT; jeM
< OPT(I°).

The first inequality holds because Pr; ,.p_;[v; € R;.t’i)] <1, and
the last inequality holds because the optimal mechanism for single-
parameter buyers maximizes the virtual social welfare. O

Next we upper-bound UNDER. Essentially, the proof of Lemma
A.3 shares the same idea with Lemma 15 in [5], but here we have
to deal with multiple reserve prices for each item.

LEMMA A.3. UNDER < OPT(jC).

Proor. It suffices show that for any BIC-BIR mechanism M for
7€, there is a mechanism M’ for the single-parameter instance I ‘
which achieves profit at least as much as UNDER.

Given M = (x,p), we define M’ = (x’,p’) as follows. Ran-
domly draw v ~ D and run M on v. If item j is sold to buyer
i, let v;; be item j’s reserve price in M’. Then for instance 1°¢
with reported valuation profile ¢, run second-price auction with
multiple reserve prices for each item. That is for item j, the highest-
bid buyer, say (i}, j), gets the opportunity to buy it and the price
is max{vij,ﬁijj(t_ij)}. If ti;j < max{vij,ﬂijj(t_,-j)}, item j is kept
unsold.

Next we compare the profit of M’ and UNDER. Recall that x;;(v;) =
Yo ;~T.; D-i(v-i)xij(vi,v-;). Thus UNDER can be rearranged as
follows.

UNDER

= Z Z ZDi(Ui)xij(vi)

ieN v; €T; jeM

Z D_i(t-i)(vij — ¢j) - [[vij < Bij(t-i)]

t_;eT_;
= Z Z Z D(v)xij(v) Z D(t)(vij — ¢j)
ieN veT jeM teT

Ivij < Pij(t-i)]

= Z D(v)(z Z D(t) Z xij(0)(vij = ¢j)

oeT ieNtel  jeM
Ivij < Bij(t-i)]).

It is easy to see that UNDER is maximized by some deterministic
allocation. So we focus on a deterministic allocation rule x.

Let us consider the innermost summation. For any item j, denote
by i the buyer such that x;j(v) = 1 and I[v;; < f;j(t-;)] = 1. Then
vjj is one of the reserve prices for item j in M’. Next we see how
much profit does mechanism M’ make from selling item j.
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Iij > Pij(l'_i), H[U,’j < ﬂij(t—i)] = 1 implies vjj < Cj. In M/,
item j will be either sold with price at least c; or unsold, which
means the profit is always nonnegative from selling item j and
naturally greater than v;; — ¢j < 0.

If ¢j < Pl'j(t_i), I[[Z),'j < ﬁij(t—i)] = 1 implies vjj < P,'j(l‘_i).
Note that the highest bidder for item j (denoted by (i}, j)) must
have value at least P;j(t—;). Since P;j(t—;) > v;j and P;;(t—;) > cj,
(ij, J) is willing to take item j at price max{vjj, cj, Pj;j(t-i;)} which
is at least v;;. Then the profit is at least v;; — c;.

Combining the above two cases,

PFT(M1¢) > 3 3" D(1) ) xij(©)(vij - ¢))

ieNtel  jeM
Ivij < Pij(t-i)].

Therefore,

Unper < )" D(v)PFT(M';1°) < OPT(1°),

veT
which finishes the proof of Lemma A.3. O
OVER is also upper-bounded by OPT(1°¢), and the proofis almost
the same with Lemma 14 of [5], thus omitted here.
LeEmMMA A.4. OVER < OPT(f ‘).

Next, we use PFT(Mipa; I€) and PFT(Mpycg; £ €) to bound
TaiL and Core. Recall that PFT(Myp4; 7€) = r < OPT(Z€) =
PFT(Myr; I°).

LEmMA A5, TamwL < r.

ProOOF.
TaiL
< D> D Dt > D;j(vij)

ieN jeM t_;eT_; V> i (t-i)+ri(t-;)
(vij — Bij(t=i) + P (t=1) — cx)

Pr - [3k #j,vik = P (t-i)

vi,-j~D;_;

> vjj — Pij(t-i)]

< >0 D Dalt) > Dij(vij)
ieNjeMt_;eT_; v > Pij(ti)+ri(t;)
(vij = Pij(t=i) + Bix (t=i) — cx)
Pr [oik = Bik(t-i) = vij = Pij(t-i)]
k#j Vik~Dix
< Z Z Z D_i(t-1)
{eEN jeM el
Z Dij(vij)zrik(t—i)
v > Pij(t-i)+ri(t-;) k#j
<

Z Z Z D_j(t—i)ri(t—;) - Z

i€EN jEM t_;eT.;

Dij(vij)
V> Pij(t-i)+ri(t-;)
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< DU D DLt i) + Bij(ti) — <)
iEN jeM t_;eT.;
Dij(vij)
vi>Pij(t-i)+ri(t-;)
< ZZ Z D_i(t-i)rij(t-i) = r.

ieN jeMt_;eT_;

The first and fifth inequalities are because f;;(t—;) > c for all
k € M. The second inequality is by union bound. The third and
sixth inequalities hold by the definition of r;x (t—;). O

LEMMA A.6. CORE < 2r + 2PFT(Mpycg; L€).

ProoOF. For the random variable v;; ~ Djj, define the follow-
ing two new random variables: b;;(t_;) = (vij — Bij(t-i))I[vij =
Bij(t-1)] and dij(t-i) = bij(t-i)I[bsj(t-i) < ri(t-;)]. Note that
2.j bij(t-i) is buyer i’ utility in the VCG mechanism with reserve
price c. Then

CORE = Z Z Z D_i(t-;) E Bd[j(t_,').
ieEN jeM t_;eT.; vi~D;
Setéi(t-i) = Xjem E B[dij(t_i)] —2r;(t—;). By Lemma 12 in [5],
v;i~D;
R 1
PY[Z dij(t-i) < éi(t-i)] < 3
jeM
Thus
Pr( ) bij(t-i) 2 éx(t-0)] 2 Pr[ ) dij(t) 2 és(t-0)] 2
JEM JEM

Note that the entry fee e; (v—;) is the median of the random vari-

N

able 3 jeps (vij—Pij(v-i))*, thene;(v-;) = é;(v—;) and Pr[Yjepr bij(t-;) =

ei(t—i)] = % Therefore,

1 N
PFTMpyeaiI9) 2 5 ), D) D-ilt-)éi(ts)
ieN t_;eT_;
Core
= —-r.
2

Finally, we obtain the main theorem of this section.

THEOREM A.2. When the buyers have additive valuations, Mecha-
nism My is DSIC and is an 8-approximation to the optimal profit for
production-cost markets.

ProorF. Combining Lemma A.1 with Lemmas A.2, A.3, A4, A.5
and A.6, for any BIC mechanism M = (x, p) for production-cost
markets and any production-cost market instance 7 ¢ = (N, M, D, ¢),

PFT(M;I°) < 6PFT(My1;I°) + 2PFT(Mgvcg; I°).
By selling items using Mt with probability % and using Mgy cg
with probability %, we have an 8-approximation to the optimal
profit. O
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